On the Laguerre and Hermite coefficient problems  by Rooney, P.G
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 4, 475-487 (1962) 
On the Laguerre and Hermite Coefficient Problems 
P. G. ROONEY 
University of Toronto, Toronto 5, Canada 
Submitted by F. V. Atkinson 
I. INTRODUCTION 
Let y  = {qua} be a sequence of functions orthogonal on a finite or infinite 
interval (a, b), and let U be a collection of functions with the property that 
if 01 E U, then all the integrals 
s 
b 
%o> Wt) = cm n = 0, 1, 2, **a, (1) 
a 
are well defined as proper or improper Riemann-Stieltjes integrals. The 
sequence c = {cn} defined by (1) will be called the v-coefficient sequence of 0~. 
By the q-coefficient problem for U we mean the problem of determining 
necessary and sufficient conditions that given a sequence c there should be a 
function (Y E U so that (1) holds. 
Here we propose to study the coefficient problem for Laguerre and 
Hermite polynomials, or rather for the orthogonal functions obtained from 
these polynomials when suitable portions of the weight functions, relative 
to which these polynomials are orthogonal, are combined with them. We 
shall study these coefficient problems by relating them to the representation 
problems for certain integral transformations; namely, in the Laguerre 
case, the Laplace transformation, and in the Hermite case, the Gauss or 
Weierstrass transformation. We shall show for fairly general classes U that 
the coefficient problem can be solved if and only if the representation 
problem for a related class can be solved, and conversely. Since it is only 
slightly more difficult to deal with generalized Laguerre polynomials, we do 
this, all of it being in section three, and the Hermite case being dealt with 
in section four. In section two we introduce various notations, and prove 
some preliminary lemmas. 
II. NOTATIONS AND PRELIMINARY LEMMAS 
For the generalized Laguerre case we take vn(t) = e-t/2t@L([)(t), for 
some fixed but arbitrary p > 0, and (a, b) = (0, 0~). We shall take the 
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classes U here to be subclasses of a class V which consists of those functions 01 
of bounded variation on [0, R] for every R > 0 and which have Laplace 
transforms with abcissae of convergence u,, = u,,(a) such that u,, < 8. Con- 
cerning such functions we have the following lemma. 
LEMMA 1. IfaEV, h>O, andRes>o,, then 
s 
cc 
ecst tA da(t) 
0 
PROOF. Clearly we can suppose h > 0. Choose s with u = Re s > (T,,. 
Then since Re (i (S + uo)) = $ (u + uo) > ao, there is a number M = M(s) 
so that if R > 0, 
IS 
R e-l/2(s+“o)t &(t) 1 < &la 
” 
But then, integration by parts yields, if R, > R, > 0, that 
Rl 
eest th da(t) 1 < 2M (2R: e~(“--oo)R2’2 + 1 s - u, / jm e-(“-oo)t’2 tA dt) , 
RI 
and this last expression can be made as small as we ‘choose by taking R, 
sufficiently large. 
Let 01 E I’. For the generalized Laguerre case the formula (1) for the coef- 
ficients of 01 becomes 
s 
Co c, = e-t/2 Pi2 L(;)(t) da(t), 71 = 0, 1, 2, a**, 
0 
(2) 
the integral converging by lemma 1, since uo(ol) < Q. Whenever a sequence c 
and a function 01 E V are related by (2) for some p > 0, we shall write 
c = LP(~). If U C V, we shall denote by LP( U) the collection of all sequences c
with c = L,,(a) for some (Y E U. Our Laguerre coefficient problem can now 
be restated: given U C V, p > 0, and a sequence c, to find necessary and 
sufficient conditions that c lie in L,(U). 
If 01 E V and p > 0, then the integral 
s m e-st t@ da(t) =f(s) 0 (3) 
converges for Re s > u,(a). We shall denote the function f so defined by 
f?,(a), and if U C V, we shall denote by B,(U) the collection of all functions f 
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with f = i?,( ) LY w h ere (Y. E U. If f = e,(a) with 01 E V, then f is a Laplace 
transform with abcissa of convergence uO(ol), and hence from [5; chapter 2, 
theorem 5a] f is holomorphic in the half plane Re s > u&01), and for those 
values of 5, 
f @j(s) = (- 1)’ j,” e-st t(@/2)+r da(t). (4) 
Since U,,(U) < Q, f is holomorphic in some disk Kp, where Kp is defined for 
O<p<l by 
Kp={s:Is-+l<pIs++j}. 
Concerning functions holomorphic in such disks we have the following 
lemma. 
LEMMA 2. If f is holomorphic in Kp, TV > 0, and s E Kp, then 
f(s) = (s + +)++l) 2 qn &j,: 
?l=O 
where 
(5) 
(6) 
PROOF. Let f(s) = F(Z), where z = (s - g)/(s + &). Then F is holo- 
morphic in the disk 1 z 1 < p, and thus since p < 1, F(z)/(l - z)p+l is also 
holomorphic there. Hence by Taylor’s theorem, 
F(4 
(1 - .>,+r = 2 q?F ?L=O 
where 
q??ff 1 
F(4 . 12. (I-x)Pc+l !I * 2=0 
But if g(s) = G(x), where s and z are related as before, then it follows easily 
by induction that 
& G(x) = (s + +)n+l $ {(s + &)“-lg(s)}. 
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Hence, using Leibnitz’ rule 
that is the qn are given by (6), and 
f(s) = F(z) = (1 - a>,+1 2 qnZ" = (s + +)-@+l) 2 qn rd)". 
?L=O VI=0 
For the Hermite case we take ~&t) = e-tZ/2H,(t), and (a, b) = (- a,~). 
The classes U here will be subclasses of a class W defined to consist of all 
functions 01 of bounded variation on [- R, R] for every R > 0, and having 
the property that there are numbers xi = xi(~), i = 1, 2, with x1 < 0 < x2 
so that if x1 < x < x2, the integral 
s 
m t 
-cc 
e-(x-t12/4 da 2112 
( 1 
converges (the &1,2 arises from certain normalization considerations). Let 
01 E W. For this Hermite case, formula (1) for the coefficients of (Y becomes 
s 
cc 
c, = e-te/z H,(t) da(t), n = 0, 1, 2, **a, (7) 
-cc 
and we must first show that these integrals converge. 
To this end, let a(t) = Or(t/21j2), and 
f(z) = (4~)-1/2 jiy e-(z-t)2/4 d&(t). 
-co 
Now it follows from [2; Chapter 8, 0 2.21, that the integral in (8) converges 
in the strip xr(01) < Re z < x2(~), thatfis holomorphic there, and that when z 
is in that strip, the derivatives off can be obtained by differentiating under 
the integral sign. Now it follows easily from (8) that 
g(z) = (4n)‘/” eZ2f(23i2z) = jyrn e-(z-t)a et2/2 da(t). (9) 
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Clearly then g is holomorphic in a vertical strip with z = 0 an interior point, 
and the derivatives of g can be obtained by differentiating the integral in (9) 
under the integral sign. Thus from [I, $10.13 (9) and (14)] 
g'"'(0) = I_", [$ e--(z-t)2] 82 da(t) liZO 
=(-I)" j_", e-(z-tJ2 H,(z - t) et*/2 da(t) z=o 
s 
m = e-@/2 f&(t) da(t), n = 0, 1, 2, a**. 
-02 
But these are the same integrals as m (7), and hence all the integrals in (7) 
converge. 
Whenever a sequence c and a function (II E W are connected by (7), we 
write c = H(a), and if U C W we denote by H(U) the collection of all 
sequences c = H(N) with 01 E U. Our Hermite coefficient problem can now 
be restated: given U C W, and a sequence c, to find necessary and sufficient 
conditions that c lie in H(U). 
If U C W, we shall denote by 0 the collection of function B with 
a(t) = a(t/2112) and 01 E U. If d E W and f is defined by (9), we shall write 
f = 8(g), and denote by U( 0) the collection off = 6(a) with & E 0. 
III. LAGUERRE COEFFICIENTS AND LAPLACE TRANSFORMS 
Theorem 1 shows that the Laguerre coefficient problem can be solved for 
a class U C V if and only if a related representation problem for the Laplace 
transformation can be solved, while theorem two shows the converse. Each 
theorem is followed by an example illustrating its use. 
THEOREM 1. A necessary and su$icient condition that c be in L,(U), where 
U C V and p > 0 is that the series 
converge in some Kp to (s + *)p+l f  (s) for some f  in 5Zp( U). 
PROOF OF NECESSITY. Suppose c E L,(U). Then 01 E U exists so that 
c = LJol). Let f  = e,(a); clearly f  E e,,( U), and f  is holomorphic in 
480 ROONEY 
Re s > ~,,(a), and thus since u,, < Q, f is holomorphic in some I$ Then, by 
Lemma 2, if s E Kp 
with qn given by (6). But sincef = I&(U), it follows from (6), (4), [l ; 10.12 (7)], 
and (2) that 
J‘ 
m  
= e -t’2P’2 L?‘(t) da(t) = c,, 
0 
so that if s E Kp 
f(s) = (s + $)--(@+I) jg c, (ff)y 
?L=O 
and thus the series (10) converges in a Kp to (s + *)p+lf(s) withf E Q,(U). 
PROOF OF SUFFICIENCY. Suppose the series (10) converges in Kp to 
(s + &)~~+lf(s) with f E JI,( U). Th en since the series (10) is a power series in 
(s - i)/(s + Q), f is holomorphic in Kp, and hence by Lemma 2, if s E Kp, 
f is given by (5) where the qn are given by (6). But then ifs E Kp 
so that from the uniqueness theorem for power series, c, = qn, n = 0, 1,2, .*a; 
that is c = 4. 
But since the derivatives off are given by (4) and the qn by (6), it follows 
exactly as in the proof of necessity, that 
9%' -m 
!  
e-tj2 M2 L:)(t) h(t), 
0 
that is that Q = L/‘(a). Hence c = L,,(a) and thus c E L,(U). 
As an example of the use of theorem one, let us take U to be that subset of 
V consisting of those functions (y. E V which never decrease and for which 
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as(~) = 0. Necessary and sufficient conditions that f E g,(U) are known if 
p = 0, see [S; Chapter 4, theorem 12b], namely 
(- l)“f’“‘(s) > 0, s > 0, n = 0, 1, 2, **a. 
Combining this with Theorem 1, and using that fact that if 
then 
f’“‘(S) = ($;)!:I 2 do (I) 
(m + n)! (- 1)” 
m! (s + 4)” ’ 
we obtain as a necessary and sufficient condition that for all x, 0 < x < 2 
and each n = 0, 1,2, -*, the series 
must converge to a nonnegative sum. 
THEOREM 2. A necessary and suficient condition that a function f, holo- 
morphic in some KP, be in I$( U), where U C V and p > 0, is that q E L,(U), 
where q is given by (6). 
PROOF. If f E e,(U), then f = i?,+( 01 , some u E U. But then, as in the proof ) 
of Theorem I, q = L,‘(a), and hence q E L,(U). 
Conversely, suppose q E Lp( U). Then q = L,(B) for some 01 E U. Let 
g = i!,(a) ; clearly g E e,(U), and we will show f = g. Since g is holomorphic 
in Re s > uo(ol), and (TV < Q, g is holomorphic in Kp’ say, and from Lemma 2, 
if s E Kp’, 
g(s) = (s + +)-(P+l) g 4; f*f, 
VL=O 
where 
But since g = -$(a), then if Re s > ~~(a) 
g(‘)(s) = (- 1)” s,” e+t tWz)+n da(t), 
9 
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and hence, as earlier, 
q;= co 
s 0 
,-t/z P/2 $.. (; z ‘15) k$ da(t) = 1,” e-t/2 tfl’i2 L?)(t) da(t) = q,. 
Hence if s E Kp”, where p” = min (p, p’), 
g(s) = (s + +)-(@+l) 2 4n r$j” =f(s>, 
n=O 
and thus f = g, and f E i?,(U). 
As an example of the use of this theorem, let us take U to be the collection 
of all those absolutely continuous functions in V whose derivatives lie in 
L,(O, a). Then L!,(U) consists of all functions f with 
f(s) = J‘r cst tfiP q(t) dt, Re s > 0 (11) 
for some g, E L,(O, -). LIL( U) consists of all sequences c with 
s 
m 
CT‘ = e-‘j2 t@lz L!<)(t) p)(t) dt, 
0 
and y E L,(O, -). But the sequence vll(t) = e-ti2t@ L(t)(t) is a complete 
orthogonal sequence in L,(O, m), and it is a trivial generalization of the Parse- 
val and Riesz-Fischer theorems that a necessary and sufficient condition 
that a sequence of numbers c be the q-coefficients of a function in L,(a, b) 
relative to a complete orthogonal sequence g, on (a, b) is that 
where 
h, = 
s 
’ / y,(t) I2 dt. 
n 
In the present case, from [l; $ 10.12 (2)], 
Thus fitting this all together, we obtain from Theorem 2, in agreement with 
[4; Theorem l] that a necessary and sufficient condition that a function f, 
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holomorphic in Re $ > 0, be represented in the form of (1 I), for some 
y E L,(O, 00) and TV 2 0, is that 
g qp ;i + 1) 1 qn I2 <“* 
Two remarks seem in order at this point. Firstly, we have not said any- 
thing about Laguerre-coefficient problems for negative values of p. In fact, 
as can be seen from [4; Theorem l] the results obtained in our last example 
hold for all 1~ > - 1. In general, if - 1 < p < 0, and U is such that when- 
ever 01 E l,:, then 
s 
m 
ecst t” da(t) 
0 
converges for s > uo(a), then the equivalence of the coefficient problem for U 
and the corresponding representation problem, for this value of TV and all 
larger values, can be established by exactly the same methods as previously. 
Secondly, there are functions 01 which have Laguerre coefficients of all 
orders, but do not belong to V. Such functions have abcissae of convergence 
u. = &, though not every function a with uo(a) = 8 is such a function. For 
classes U which include such functions, our methods fail, since we used in an 
essential way the fact that the Laplace transforms of the functions of I’ 
were holomorphic in some Kp. 
IV. HERMITE COEFFICIENTS AND GAUSS TRANSFORMS 
Theorem 3 shows that the Hermite coefficient problem can be solved 
for a class U C W if and only if the representation problem for the Gauss 
transformation relative to 0 can be solved, and theorem four shows the 
converse. Each theorem is followed by an example illustrating its use. 
THEOREM 3. A necessary and sujicient condition that c E H(U) where 
U C W is that the series 
converge in a neighbourhood of z = 0 to (4rr)1/2ez2f(23/2z) for some f  in Q(a). 
PROOF OF NECESSITY. Suppose c = H(n) with ar E U. Let f  = S(6); 
clearly f  E Q( 0). Also, f  is holomorphic in the strip X1(a) < Re z < x2(a), 
where x1 < 0 < x2. Hence if g(z) = (4r)1/2ez2f(23/2z), then g is holomorphic 
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in a vertical strip with z = 0 an interior point, and hence in a neighborhood 
of z = 0, say for 1 2: 1 < p. Thus from Taylor’s theorem, if 1 z 1 < p, 
But sincef = 6(a), it follows, as in Section II, that 
and 
g(n)(O) = e-t2/2 H,(t) da(t) = c,, 
and hence if 1 z 1 < p 
so that the series (12) converges in a neighborhood of x = 0 to g(x) = 
(&)1/2ez2f(23/2z), with f E 6( 0). 
PROOF OF SUFFICIENCY. Suppose the series (12) converges for 1 x 1 < p 
to (&)r/2ez~(2s/2z) = g(z) with f = 6(e), and & E 0. Then g is holomorphic 
in I z ] < p, and hence by Taylor’s theorem, if 1 z I < p, 
so that c, =g(“)(O). 
But since g(z) = (47T)1/2ez2f(2s/2x), and f = Q(G).), then as in the proof of 
necessity, 
c, = g(“)(O) = J_“, e-@jz H,(t) da(t), 
and c E H(U). 
Theorem 3 can be used in combination with the various representation 
theorems in [2; Chapter 81 to give solutions of the Hermite coefficient 
problem for various classes U C W. For example, if U is that subclass of W 
consisting of those functions OL E W such that 
s cc I W) I < M, (13) --m 
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then from [2; Chapter 8, Theorem 10.31, necessary and sufficient conditions 
that f be in 8( 0) are that f be entire, f(~ + zj~) = o { 1 y 1 exp (2~~)) as 
/ y I+ 00 uniformly for x in any closed bounded interval, and 
where 
s 
m 
/ ctD2f(x) / dx < M, O<t<l, --m 
&‘“f(x) = (c:)l,2 
s 
yrn e(z-i~)2/4tf(zj) dy, O<t<l. 
Hence from the theorem, a necessary and sufficient condition that c be in 
H(U) is that f satisfy these conditions, where 
f(z) = (47+1/z e-+g 2 (&)Y 
THEOREM 4. A necessary and suficient condition that a function f, holo- 
morphic in a neighborhood of x = 0, be in O( 0) is that c be in H(U), where 
c, = g'"'(O), and g(z) = (47~)l/~ e22f(23/22). 
PROOF. Suppose f = 6(a) with 6 E 0. Then, as in the proof of Theorem 3, 
c, = g(“)(O) = Jrn ect2j2 H,(t) da(t), 
-cc 
and c E H(U). 
Conversely, if c = H(a) with 01 E U, let fi = E(6). Clearly fi E G(O), 
and we show fl = f .  Let gr(z) = (4~)1~2ezzfl(z). Then g, is holomorphic in 
say 1 z 1 < p and hence by Taylor’s theorem, for 1 x ] < p 
gl(,z) = s ‘cJ!3 ,@. 
n=o . 
But, as before, 
Hence 
e-t2/2 H,(t) da(t) = c, = g(“)(O). 
for sufficiently small I z 1, and thus g, = g. 
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Hence 
fl(x) = (4~7-l/~ e-22/3g1 (&) = (4n)-lj2 ecz2/*g (&) =f(z) 
and fi = f. 
Incidentally with g(z) = (4n)1h22f(23/2z), it follows from Leibnitz’ rule 
that 
c, = g(yo) = (4n)w 23”:2[$l IcIo jqn “’ 2k)! (Q)“f (n-2kY0). (14) 
As an example of the use of this theorem, let us take U to consist of those 
absolutely continuous functions whose derivatives lie in L,(- m, 03). Then 
clearly 0 = U, and we obtain from our theorem that a necessary and suf- 
ficient condition that f E O(U), that is that 
f(x) = (47r-li2 jm e-(=-t)“/4 g)(t) at (15) --m 
for some 9, E L,(- m, a), is that the sequence c defined by (14) be the 
Hermite coefficient sequence of a function in L,( - a,~). But the sequence q 
with yn(t) = e-t2j2 H,(t) forms a complete orthogonal sequence in L,(- 03, 
m), and hence using the generalization of the Parseval and Riesz-Fischer 
theorems already mentioned, and the fact that from [l; 10.13 (4)] in this case 
h = &2pnl we obtain that a necessary and sufficient condition that f 
b”e given by (;5) with T E L,(- ~0, m) is that 
where the c,‘s are given by (14). 
Finally, we note that there are functions 01 with Hermite coefficients of all 
orders which do not belong to W. For such functions xi(a) = x2(~) = 0, and 
collections U containing such functions are outside our methods. 
V. CONCLUSION 
In conclusion we remark that the methods exposed here are not confined 
to real-valued or complex-valued functions. The various functions 01 could 
have had values in a Banach space, and provided certain slight changes were 
made, Theorems 1 to 4 would still be valid. Since, for example, a quite rich 
representation theory for Laplace transforms of abstractly-valued functions is 
known-see [3]-an equally rich Laguerre coefficient theory for abstractly- 
valued functions can be obtained. 
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